A Credit Risk Algorithm

The following algorithm describes a Monte-Carlo algorithm for assessing the credit risk of a portfolio.

General problem: to define suitable random variables for use in the generation of yield and FX curves consistent with historic data. 
1. Generation of Interest Rate Curves
For each currency, historic data is arranged into a matrix. 
Rate (currency) =
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Each column represents a snapshot of rates at a given time. Each row represents a particular rate (e.g. LIBOR 1M GBP). In practice, M=12, with rates from 1M to 12M. I.e.
Rate (currency) =
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Column contains values for rates at a given time.

And
	Rate (currency) =
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	( Row contains historic values for specific rate (e.g. LIBOR 1M GBP)


Define the matrix X(currency) by 
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. I.e. X(currency) consists of the log of the ratio of rates from one historic time period to the next. X(currency) is a  MxN matrix.
Define the random variable Xi = the log of the ratio of values from one time period to another, for a specific currency and rate.
Assume 
· Xi is normally distributed.
· Mean reversion; the mean of each RV is 0. I.e. 
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. (Important – used later)

Define σi as std. deviation of Xi , and the diagonal matrix DX by (DX)jk = σj if j=k, 0 otherwise.
Define CX = correlation matrix for RVs Xi,
Define SX = covariance matrix for RVs Xi,
Note that CX = DX-1 SX DX-1
The standard deviation of row k = 
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The correlation between Xi and Xj =( SX )ij = 
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Need to generate numbers Y with the same internal correlations as X.
Solution: Find a matrix A such that 
CX = A AT 

(1.01)
The vector Y= DX A ρ has the desired property, where ρ is a vector of independent random variables. 
A is not unique. The method used: Find the eigenvectors and eigenvalues of CX. Let CX = LV where V is the matrix of normalised eigenvectors, and L is the corresponding diagonal matrix of eigenvalues.

Define 
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, then CX = A AT. 

Instead of using A, use a 3x3 matrix consisting only of eigenvectors and eigenvalues with the 3 largest eigenvalues. I.e.
Y= DX A ρ 

where Y is a Mx1 matrix, DX is a MxM matrix, A is a Mx3 matrix, and ρ is a 3x1 matrix of random numbers.
The components of the interest rate curve corresponding to the 3 largest eigenvectors are called the principal components (called parallel shift, steepness, curvature – but these terms have no real validity c.f. Quark color, beauty and truth).

Obtaining a perturbed interest curve from Y:

Suppose γ is the ith  curve (i.e. a Mx1 matrix), then
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, so
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where ρ0, ρ1, ρ2 are random numbers.
2. Generation of FX

The sequence of future FX rates is generated from the spot rate and volatility.

The application needs to generate random walks with K points. If σ is the annual volatility, then the RV 
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 where ΔT is the interval between ft0 and ft1
What is the FX growth rate? Assume to be zero (questionable). 
The RV F can be generated from a normal distribution Z by multiplying by σΔT. In practice, use the time interval ΔT is 1 week, so 
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Actual implementation (always t0 = spot):

FX(ti) = 
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3. The whole Enchilada
Interest rates are correlated with each other.

Interest rates are correlated with FX rates.
FX rates are correlated with each other.

Rather than looking at the correlations between the rates, look at the correlation between the random numbers used to generate the curves. These have μ = 0 and σ = 1.
The combined correlation matrix looks like
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The 3x3 identity matrix is a result of the independence of the random numbers used to generate principal components.
Once the complete correlation matrix X’ is has been completed, Cholesky decomposition is used to find the matrix A such that X’ = A.AT
The matrix A can then be used to generate random numbers that can be then fed into the interest rate and FX curve generation process.
4. Generation of MTM matrices.

The Monte-Carlo simulation values trade legs using perturbed interest rate curves generated by the technique outlined above. Each perturbed interest rate curve is generated from the previous interest rate curve.
The perturbed interest rate curves are stored in a MTM matrix (Kx3 matrix) where K = no of measurement points = number of perturbed curves generated.
5. Restriction to standard scenarios

Rather than value the trade legs using all the possible curves generated by a use of random numbers, only a finite number of points in the scenario space are evaluated. The generated random numbers are used to fix a point in the scenario space and the application interpolates the trade leg value from known points.

There are a number of interpolations schemes. The simplest is linear where only 7 standard scenarios are evaluated. Namely trade legs are valued with ρ taking on the values
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Trade leg values for other values of ρ are interpolated.
Other interpolation schemes are possible.

6. Generation of Exposure Profile

The values generated by the Monte-Carlo process are stored in a large table. The application is interested in the exposure associated with a 50% likelihood, and a 5% likelihood (so-called peak exposure, which is 95% unlikely)
7. Colateralised Agreements
If a collateralised agreement exists, then it is possible that the collateral will decay in value over the period in which it is held. 
Assume the behaviour of the collateral is the same as the interest rate curve for the currency it is valued in. E.g. If collateral is valued at £1,000,000 then assume the collateral has the same expected growth and volatility as the risk free GBP rate, and that it has the same correlations with other interest rates and currencies.
Assume however that value of the collateral may vary independently from the currency interest rate curve. I.e. Use a second set of random numbers to value the collateral.
8. Perturbations

Perturbations are specified for each measurement point and applied to the random number before they are used in the simulation. (If perturbations are not specified in the database, they are set to 1 and 0 respectively)

random = random*factor[measurement_point] + offset[measurement_point]
End.
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